
I. Óð. ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

f(y) · dy = g(x) · dx →
∫
f(y) dy =

∫
g(x) dx

• y′ = f(ax+ by + c)⇒ çàìåíà y(x) =
z(x)− ax− c

b
,

y′(x) =
z′(x)− a

b
, z(x) = ax+ by(x) + c

II. Îäíîðîäíûå óðàâíåíèÿ
M(x, y)dx+N(x, y)dy = 0

M è N � îäíîð. îäíîé è òîé æå ñòåïåíè, ò.å.

M(kx, ky) = kn ·M(x, y), òî æå äëÿ N

Çàìåíà y(x) = t(x) · x, y′ = t′x+ t, t(x) =
y(x)

x

• y′ = f

(
a1x+ b1y + c1

a2x+ b2y + c2

)
← l1
← l2

⇒ (x0, y0) = l1 ∩ l2,

Çàìåíà x = u+ x0, y = v + y0

• y(x) = zm(x), z = y−m

III. Ëèíåéíûå óð. I ïîðÿäêà
y′ + a(x)y = b(x)

I Îäíîðîäíîå y′+a(x)y = 0 → (ðåø.) y1 = y = c · . . . ∀c

II Ìåòîä âàðèàöèè ïîñòîÿííîé.

Ðåø. â âèäå y = c(x)y1(x)

y′ + a(x)y = c′y1 + cy′1 + acy1 = b →
c′y1 = b → c =

∫
b(x)dx/y1(x)

• Óð. Áåðíóëëè y′ + a(x)y = b(x)yα →
y−αy′ + a(x)y1−α = b(x)

z(x) = y1−α, z′(x) = y−αy′(1− α) (íå çàáóäü y = 0)

• Èíòåãðèðóåìûå êîìáèíàöèè

ydy =
1

2
dy2

1

y
dy = d ln |y| xdy + ydx = d(xy)

• Óð. Ðèêàòòè y′ + a(x)y + b(x)y2 = c(x)

Åñëè y1(x) � ÷àñòíîå ðåø., çàìåíà y(x) = y1(x) + z(x)

×àñòíîå ðåøåíèå ìîæíî èñêàòü â âèäå

y1 = cxα, ceαx, ax2 + bx+ c, ax+ b

IV. Óð. â ïîëíûõ äèôôåðåíöèàëàõ
M(x, y)dx+N(x, y)dy = 0 � ÓÏÄ, åñëè

∂M

∂y
≡
∂N

∂x

∃F :


∂F

∂x
=M(x, y) → F (x, y) =

∫
M(x, y)dx+ c(y)

∂F

∂y
= N(x, y)→

(∫
M(x, y)dx+ c(y)

)′
y

= N(x, y)

Îòñþäà íàéä¼ì c(y) =
∫
c′ydy = . . .+ c1 ∀c1

dF = 0⇔ (îòâåò) F = C ∀C
(êîíñòàíòà c1 âõîäèò â C)

• Èíòåãðèðóþùèé ìíîæèòåëü (!!! íå ðåêîìåíäóåòñÿ !!!)
∂M
∂y 6=

∂N
∂x . Èùåì m(x, y) :Mmdx+N mdy = 0 � ÓÏÄ.

m = m(x), m(y), xayb

• Âûäåëåíèå ïîëíîãî äèôôåðåíöèàëà

d(xy), d(xy ), d(ln |x|)

1

Óð. I ïîðÿäêà, íå ðàçðåø. îòí. ïðîèçâîäíîé

F (x, y, y′) = 0

1 Ðàçðåøèòü îòí. ïðîèçâîäíîé. Âîçìîæåí ìåòîä ðåøåíèÿ

îòíîñèòåëüíî x(y), à íå y(x) :)

2 F (x, y, y′) ðàçðåøåíî îòí. y : y = f(x, y′)

Ïóñòü p = y′ =
dy

dx
→ pdx = dy =

∂f

∂x
dx+

∂f

∂p
dp →

M(x, p)dx + N(x, p)dp = 0, îáû÷íîå óðàâíåíèå. Ìîæíî

íàéòè ÿâíîå p = p(x), à ìîæíî x = x(p) � òîãäà îòâåò{
x = x(p)

y = f(x(p), p)

3 F (x, y, y′) : x = f(y, y′)

Àíàë.: p = y′,
dy

p
= dx = d f(y, p) =

∂f

∂y
dy+

∂f

∂p
dp → . . .

4 Íàõîæäåíèå îñîáûõ ðåøåíèé

0. Ðåøèòü èñõîäíîå óðàâíåíèå

1. p-äèñêðèìèíàíòíûå êðèâûå:

{
F (x, y, p) = 0

∂F / ∂p = 0

(p = y′)

Èçáàâëÿåìñÿ îò p â ñèñòåìå, åå ðåøåíèÿ �

y = y1(x, c)

2. y1 ÿâëÿåòñÿ ðåøåíèåì èñõ. óð.?

3. y1 � îñîáîå? ∀x0 ∃ ðåø. y2(x) :

{
y1(x0) = y2(x0)

y′1(x0) = y′2(x0)

Òî åñòü â ëþáîé ñâîåé òî÷êå îñîáîå ðåøåíèå
äîëæíî êàñàòüñÿ äðóãîãî ðåøåíèÿ ñèñòåìû.

2

Óð. äîïóñêàþùèå ïîíèæ. ïîðÿäêà ïðîèçâîäíîé

• y(n) = f(x) → y(n−1) =
∫
f(x)dx → . . .

• y�� : F (x, y(k), . . . y(n)) = 0 ⇒ çàìåíà y
(k)
(x) = z(x)

• x�� : F (y, y(1), . . . y(n)) = 0

Çàìåíà y′ = p(y(x)), y′′ = p′y · y′x = p′p

(íå çàáóäü p′y = dp
dy � dy = 0)

• Îäíîðîäíîå ïî y, y′, . . . y(n) ⇒ çàìåíà y′ = yz(x)
y ñîêðàòÿòñÿ åñëè óð. îäíîðîäíîå

• Âûäåëåíèå èíòåãðèðóåìûõ êîìáèíàöèé
y(n)

y(n−1)
=
(
ln
∣∣ y(n−1)∣∣)′

Èñïîëüçîâàëñÿ çàäà÷íèê Ôèëèïïîâà
Ñåìèíàðèñò � Åëåíà Àëåêñàíäðîâíà Ïàâåëüåâà ♥
https://github.com/maximelianos/difurry
→ îáîçíà÷àåò ïåðåõîäû ìåæäó ôîðìóëàìè

https://github.com/maximelianos/difurry


I′. Ëèíåéíûå îäíîð. n-îãî ïîðÿäêà ñ const coe�
I y(n) + an−1y

(n−1) . . . a0y
(0) = 0

II y(n) + an−1y
(n−1) . . . a0y

(0) = f(x)

I Õàðàêòåðèñòè÷. óðàâíåíèå: y = eλx, íàõîäèì λ

êîðåíü λ ôóíêöèè ÔÑÐ

R êðàòíîñòè k y1(x) = eλx, . . . yk(x) = xk−1eλx

C êðàòíîñòè k y1(x) = eax cos bx . . .

(k ïàð λ = a± ib) yk(x) = xk−1eax cos bx,

yk+1(x) = eax sin bx . . .

y2k(x) = xk−1eax sin bx

yîäí(x) = c1y1(x) + . . .+ cnyn(x) ∀c1, . . . , cn
II Íåîäí. óðàâíåíèå. yîáù(x) = yîäíîð + y÷àñòíîå(x)

1. Ïåðâûé ñïåöèàëüíûé âèä: f(x) = Pk(x)e
γx ⇒

⇒ y÷(x) = xsRk(x)e
γx

s = êðàòíîñòü γ â ðåøåíèÿõ õàð. óðàâíåíèÿ

Rk � íåèçâåñòíûé ìíîãî÷ëåí k-îé ñòåïåíè

2. Âòîðîé: f(x) = (Pk(x) cosβx+Rm(x) sinβx) · eαx ⇒
⇒ y÷(x) = xs(Qn(x) cosβx+ Tn(x) sinβx) · eαx

n = max(k,m), s = êðàòíîñòü γ = α+ iβ

(ëèáî α− iβ, èõ êðàòíîñòè ðàâíû)

f(x) � ñóììà 1 è 2 ñïåö. âèäîâ ⇒ y÷(x) =
∑
yñïåö

Îáùèé âèä ïð. ÷àñòè.Ìåòîä âàð. ïîñòîÿííûõ

Âîçìîæíî a0, . . . , an−1 � ôóíêöèè îò x, ò.å. íå const!
I yîäí(x) = c1y1(x) + . . .+ cnyn(x) ∀c1, . . . cn
II y(x) = c1(x)y1(x) + . . .+ cn(x)yn(x) →
(íàõîäèì ôóíêöèè c1, c2, . . . cn � èíòåãðèðóåì)

c′1y1 + . . .+ c′nyn = 0

c′1y
′
1 + . . .+ c′ny

′
n = 0

. . .

c′1y
(n−2)
1 + . . .+ c′ny

(n−2)
n = 0

c′1y
(n−1)
1 + . . .+ c′ny

(n−1)
n = f(x)

• Óð. Ýéëåðà

xny(n) + an−1x
n−1y(n−1) + . . .+ a1xy

′ + a0y = f(x)

Çàìåíà: x =

{
et, x > 0

−et, x < 0
, t = ln(x), y(x) = Y (t(x)).

Òîãäà y′ = Y ′t ·
1

x
⇒ xy′ = Y ′

y′′ =

(
Y ′ ·

1

x

)′
= Y ′′

1

x2
− Y ′

1

x2
⇒ x2y′′ = Y ′′ − Y ′

Ïîëó÷èëè íîâîå óðàâíåíèå Y (t). Ïðàâàÿ ÷àñòü ñïåö.

âèäà ⇒ ðàññìàòðèâàåì x > 0 è x < 0, ðåøàåì îòí. t.

Èíà÷å âàð. ïîñòîÿííûõ.

II′. Ëèíåéíûå îäíîð. óð. ñ ïåðåìåííûìè coe�

an(x)y
(n) + . . . a1(x)y

′ + a0(x)y = f(x)

y1(x) � ðåøåíèå, âîçìîæíî, âèäà eαx èëè ìíîãî÷ëåí

(åãî ñòåïåíü íàäî íàéòè). Äðóãîå ðåøåíèå y(x) íàéòè ïî

ôîðìóëå Îñòðîãðàäñêîãî-Ëèóâèëëÿ∣∣∣∣∣y1(x) y(x)y′1(x) y
′(x)

∣∣∣∣∣ = ce
−
∫ an−1(x)

an(x)
dx

∀c

III′. Ëèíåéíûå ñèñòåìû
I Y

′
= AY � îäíîðîäíûå

Y = αeλt → Y
′
= αλeλt ⇒

(A− λE)α = 0 ⇒ |A− λE| = 0
Íàõîäèì ñîáñòâ. çíà÷åíèÿ λ è ñ. âåêòîðû α.

1) Íåëüçÿ îñòàâëÿòü C ñîáñòâ. çíà÷åíèÿ! Äåëàòü òàê:
(Àíàëîãè÷íî îáû÷íûì îäíîðîäíûì ëèíåéíûì óð.,
òîëüêî êðàòíûå ñ.ç. èìåþò ðàçíûå ñ.â.)
λ = α± iβ ⇒ Y = α · (cosβt+ i sinβt)eαt = α1 + iα2 ⇒
Y îäí = c1α1 + c2α2 ∀c1, c2

2) Åñëè êîë-âî ñ. âåêòîðîâ ìåíüøå êðàòíîñòè ñ. çíà÷åíèÿ:
Äîïóñòèì êðàòíîñòü λ ðàâíà 3

Y = (αt2+βt+γ)eλt → Y
′
= (α2t+β)eλt+(αt2+βt+γ)λeλt =

(λαt2 + (2α+ λβ)t+ (β + λγ))eλt, AY = (Aαt2 +Aβt+Aγ)eλt

B = A− λE. Y ′ = AY ⇒


Bα = 0

Bβ = 2α

Bγ = β

→ B3γ = 0 → . . .

Òàê íàõîäèì âñå ðåøåíèÿ � íàáîðû {α, β, γ}.

Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ
Y îäí = c1α1e

λ1t + . . .+ cnαne
λnt ∀c1, . . . cn

II Y
′
= AY + F � íåîäíîðîäíûå

1. Ïåðâûé ñïåö. âèä. Åñëè F = Pm(t) · eγt =

Pm1(t)
. . .

Pmn(t)

 eγt,

m = max(m1, . . . ,mn)⇒ Y÷ = Qm+s(t)e
γt

(s = êðàòíîñòü γ)

2. Âòîðîé ñïåö. âèä. F = (Pm(t) cosβt+Ql(t) sinβt) · eαt
⇒ Y÷ = (Rk+s(t) cosβt+ T k+S(t) sinβt) · eαt
k = max(m, l)
(s = êðàòíîñòü γ)

F � ñóììà ñïåöèàëüíûõ âèäîâ ⇒ Y÷ =
∑
yñïåö


